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Recent inelastic neutron scattering (INS) experiments on La2−xSrxCuO4 observed a magnetic
coherence effect, i.e., strong frequency and momentum dependent changes of the spin susceptibility,
χ
′′, in the superconducting phase. We show that this effect is a direct consequence of changes in the
damping of incommensurate antiferromagnetic spin fluctuations due to the appearance of a d-wave
gap in the fermionic spectrum. Our theoretical results provide a quantitative explanation for the
weak momentum dependence of the observed spin-gap. Moreover, we predict (a) a Fermi surface in
La2−xSrxCuO4 which is closed around (pi, pi) up to optimal doping, and (b) similar changes in χ
′′
for all cuprates with an incommensurate magnetic response.
PACS numbers: 74.25.Ha, 74.25.Jb, 74.25.-q
The spin excitation spectrum in La2−xSrxCuO4 [1–5]
in the normal and superconducting state has been in-
tensively studied during the last few years in inelastic
neutron scattering (INS) experiments. The normal state
spectrum for compounds with x > 0.04 is characterized
by peaks in χ′′(q, ω) at incommensurate wave-vectors
Qi = (1± δ, 1)π and Qi = (1, 1± δ)π [1,2,4], where δ in-
creases with increasing doping. Recent INS experiments
in the superconducting state of La2−xSrxCuO4 (LSCO)
by Mason et al. (x=0.14) [2] and Lake et al. (x=0.16)
[5] show striking momentum and frequency dependent
changes in χ′′ upon entering the superconducting state,
which the authors called the magnetic coherence effect.
For both compounds, χ′′(Qi) in the superconducting
state is considerably decreased from its normal state
value below ω ≈ 7 meV, while it increases above this
frequency. For frequencies in the vicinity of 7 meV, the
incommensurate peaks sharpen in the superconducting
state, while at higher frequencies the peak widths in
the normal and superconducting state are approximately
equal. Moreover, by employing a Kramers-Kronig trans-
formation, the authors found that the static susceptibil-
ity, χ′, at Qi decreases in the superconducting state [5].
In this communication, we show that the magnetic co-
herence effect is a direct consequence of changes in the
damping of incommensurate antiferromagnetic spin fluc-
tuations due to the appearance of a d-wave gap in the
fermionic spectrum. We obtain results for the frequency
and momentum dependence of χ′′ that are in good quali-
tative, and to a large extent quantitative agreement with
the experimental data, and also explain the weak mo-
mentum dependence of the spin-gap. We show that INS
data in the superconducting state provide information on
the symmetry of the order parameter and the topology of
the Fermi surface (FS) and that for La2−xSrxCuO4, INS
experiments suggest a FS closed around (π, π). We pre-
dict that the magnetic coherence effect is to be expected
for any cuprate superconductor with an incommensurate
spin spectrum, and thus in particular for YBa2Cu3O6+x
(YBCO), in which an incommensurate spin structure at
low frequencies has been observed [6–8].
The starting point for our calculations is a spin-fermion
model [9] in which the damping of incommensurate spin-
excitations arises from their interaction with fermionic
quasi-particles. In this model, the spin propagator, χ, is
given by
χ−1 = χ−10 −Π , (1)
where χ0 is the bare propagator, and Π is the bosonic
self-energy given by the irreducible particle-hole bubble.
χ0 is in general obtained by integrating out the high-
energy fermionic degrees of freedom. However, since the
form of fermionic excitations at high frequencies is so far
not well understood, a microscopic calculation of χ0 is
not yet feasible. We therefore make the experimentally
motivated ansatz
χ−10 =
ξ−20 + (q−Qi)
2
α
, (2)
where ξ0 is defined as the “bare” magnetic correlation
length (unrenormalized by the coupling to low-frequency
particle-hole excitations) and α is a temperature inde-
pendent constant. In general one would expect a fre-
quency term in Eq.(2) which is omitted here because ex-
perimentally there is no observed dispersion in the spin
excitation spectrum below ω ≈ 25 meV [10], well above
the frequency range we consider here. The above form
of χ0 thus only determines the position of the incom-
mensurate peaks in momentum space; it does not affect
the frequency dependence of χ′′, which arises solely from
Π. In the following we define the renormalized magnetic
correlation length as ξ−2 = ξ−20 − αReΠ.
We first consider χ′′ at Qi in the normal state. Cal-
culating ΠN to lowest order in the spin-fermion coupling
g yields ImΠN ∼ ω, while ReΠN ≈ const. [11], yield-
ing ξ−2N (ω) = const, and a frequency dependent dynamic
susceptibility, χ′′(Qi, ω), of the MMP form [12] which
1
quantitatively describes the results of INS experiments
in the normal state of LSCO [12] and YBCO [13].
In the superconducting state, ΠSC is given by (to low-
est order in g)
ΠSC(q, iωn) = −g
2 T
∑
k,m
{
G(k, iΩm)G(k + q, iΩm + iωn)
+F (k, iΩm)F (k+ q, iΩm + iωn)
}
, (3)
where G and F are the normal and anomalous Green’s
functions
G =
iωn + ǫk
(iωn)2 − ǫ2k −∆
2
k
, F =
∆k
(iωn)2 − ǫ2k −∆
2
k
. (4)
Ek =
√
ǫ2k + |∆k|
2 is the fermionic dispersion in the
superconducting state, ∆k = ∆0 (cos(kx)− cos(ky)) /2
is the d-wave gap and
ǫk = −2t
(
cos(kx) + cos(ky)
)
−4t′ cos(kx) cos(ky)− µ , (5)
is the electronic tight-binding dispersion where t, t′ are
the hopping elements between nearest and next-nearest
neighbors, respectively, and µ is the chemical potential.
Since our theoretical results for both doping levels of
LSCO x = 0.14(0.16) are quantitatively similar, we con-
sider for definiteness x = 0.16 and choose t′/t = −0.22
and µ/t = −0.84, a choice which will be seen to yield
agreement with the experimental data. The supercon-
ducting gap, ∆0 ≈ 10 meV, is taken to be that extracted
from Raman scattering experiments by Chen et al. [14]
and the incommensurate wave-vector Qi is at δ ≈ 0.25
[2,4].
Our theoretical results for the spin-damping, ImΠ in
Eq.(3) at Qi are presented in Fig. 1. Since Qi is in-
commensurate, we obtain four decay channels for spin
excitations; the two channels in the first Brillouin zone
are shown in the inset of Fig. 1. In the normal state
all four channels for particle-hole excitations are excited
in the low frequency limit, which yields ImΠN ∼ ω,
as noted above. In the superconducting state, the four
channels split into two pairs with degenerate non-zero
threshold energies, ω
(1,2)
c , that are determined by the
momentum dependence of the order parameter and the
shape of the Fermi surface. In particular, we find
ω
(1,2)
c = |∆k| + |∆k+Qi |, where k and k+Qi both lie
on the Fermi surface, as shown in the inset of Fig. 1.
For the band parameters chosen, the threshold energies
are ω
(1)
c = 0.70∆SC for quasiparticle excitations close to
the nodes of the superconducting gap (excitation 1), and
ω
(2)
c = 1.86∆SC for excitations which connect momenta
around (0, π) and (π, 0) (excitation 2). Note that due to
the superconducting coherence factors in Eq.(3), ImΠSC
exhibits sharp jumps at the threshold frequencies. Since
for T = 0 and ω < ω
(1)
c , ImΠSC ≡ 0, and thus χ
′′
SC ≡ 0,
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FIG. 1. The spin-damping ImΠ at Qi as a function of
frequency in the normal (solid line) and superconducting state
(dashed line). Inset: Fermi surface of La2−xSrxCuO4 and
quasiparticle threshold transitions with wave-vector Qi.
ω
(1)
c is often referred to as the spin-gap in the supercon-
ducting state.
We now turn to the calculation of ReΠSC . The
gap in ImΠSC gives rise to a ω
2-term in ReΠSC for
ω ≪ ω
(1)
c , while ReΠSC ≈ const. for ω ≫ ω
(2)
c . The
steps in ImΠSC at ω
(1,2)
c create logarithmic divergences
in ReΠSC ; as has recently been demonstrated [15] these
are an artifact of our restriction to the second order
bosonic self-energy correction. When fermionic lifetimes
are calculated within a self-consistent strong-coupling ap-
proach, the authors of Ref. [15] found that the steps in
ImΠSC are smoothed out, while the gap below a fre-
quency ≈ ω
(1)
c still persists. The weak logarithmic di-
vergences in ReΠSC become a smooth function of fre-
quency. Since the spin-gap survives the inclusion of re-
alistic fermionic lifetimes, we expect the conclusions we
draw in the following to be valid beyond the current level
of approximation.
In Fig. 2 we present a fit of our theoretical results for
χ′′ to the experimental data of Ref. [5] in the normal and
superconducting state. The fit to the experimental data
in the superconducting state for ω
(1)
c < ω < 16 meV was
obtained by making the ansatz that at these frequencies,
ξSC(ω) is frequency independent and given by
ξ2SC(ω) ≈
3
2
ξ2N = const. (6)
To account for the experimental energy resolution we
convolute our theoretical results with a Gaussian distri-
bution of width σ ≈ 2 meV.
The “high frequency” result, Eq.(6), is a consequence
of the redistribution in the spectral weight of χ′′(Qi, ω)
in the superconducting state. By using the Kramers-
Kronig relation, we find ξSC(ω = 0) < ξN (ω = 0) while,
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FIG. 2. Fit of our theoretical results for χ′′(Qi, ω) to the
experimental data Ref. [5] (filled circles and squares) in the
normal (solid line) and superconducting state (dashed line).
as seen in Fig. 2 quite generally, for ω
(1)
c < ω < ω
(2)
c ,
χ′′SC(ω) exceeds χ
′′
N (ω), so that ξSC(ω) > ξN (ω) in this
frequency range. As may be seen in Fig. 2, the sim-
ple ansatz, Eq.(6), yields good agreement with exper-
iment. Because the form of both χ′′SC(ω) and χ
′′
N (ω)
above ω
(2)
c is not well known, one cannot at present ar-
rive at a self-consistent description of the frequency de-
pendence of ξSC using the Kramers-Kronig relation. We
note, however, that upon restricting the frequency inte-
gration in the Kramers-Kronig relation to ω < ω
(2)
c , we
find χ′SC(ω = 0) ≈ 0.65χ
′
N(ω = 0), in agreement with
the results of Ref. [5].
To understand the momentum dependent changes in
χ′′ between the normal and superconducting state, we
consider the momentum dependence of the spin-gap,
ω
(1)
c (q). In Fig. 3 we plot the experimental intensity
in the (ω,q)-plane for the momentum space path shown
in the inset of Fig. 4b, together with our theoretical re-
sults for ω
(1)
c (q) (red line). We also included ω
(1)
c (q)
as a dashed red line into the normal state data so as
to demonstrate the transfer of spectral weight between
the normal and the superconducting state from frequen-
cies below ω
(1)
c (q) to frequencies above the spin-gap. A
comparison of Fig. 3a and b clearly shows that the ex-
perimental intensity that exists in the normal state for
ω < ω
(1)
c (q) vanishes as expected in the superconduct-
ing state. Note that the momentum dependence of the
spin-gap is rather weak; it only changes from ∆minsg ≈ 5.5
meV at its minimum (close to Qi) to ∆
max
sg ≈ 8 meV at
its local maximum midway between the incommensurate
positions. We thus conclude that our theoretical result
for the momentum dependence of the spin gap provides
a good quantitative description of the area in the (ω,q)-
plane where the spectral weight vanishes in the super-
conducting state.
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FIG. 3. Experimental intensity in the (ω,q)-plane for (a)
the normal and (b) superconducting state, together with our
theoretical results for ω
(1)
c (q) (red line). The coloring of the
squares indicates the intensity. Experimental data are taken
from Ref. [5].
We now turn to momentum dependence of χ′′ in the
normal and superconducting state. Our theoretical re-
sults, which we present in Fig. 4, correspond to horizon-
tal cuts in the (ω,q)-plane of Fig. 3 at ω = 7 and 10
meV. For ω = 7 meV (Fig. 4a), the peak intensity in the
superconducting state is anisotropically reduced, with a
stronger suppression of χ′′SC towards the center of the
scan. The anisotropic suppression of χ′′SC is a direct con-
sequence of the momentum dependence of the spin-gap
which increases when moving from Qi towards the cen-
ter of the scan, but decreases in the opposite direction.
As a result, χ′′SC is rapidly cut off by the spin-gap when
moving towards the center of the scan, but is scarcely
reduced in the opposite direction. This peak anisotropy
should be observable for all frequencies between ∆minsg
and ∆maxsg . For ω = 10 meV > ∆
max
sg (Fig. 4b), the
anisotropy vanishes, and the peak intensity increases in
the superconducting state, as expected from Fig. 2. Since
the anisotropy of χ′′SC around Qi is reduced with increas-
ing frequency, the peak maximum seems to slightly shift
towards the center of the scan. All these results, i.e., nar-
row peaks around 7-8 meV, a simultaneous increase in
peak width and height and a shift of the peak maximum
towards the center of the momentum scan with increas-
ing frequency agree qualitatively with the experimental
findings of Ref. [2,5] as may be seen by comparing Fig. 4a
(Fig. 4b) with the bottom (top) part of Fig. 2 in Ref. [2]
or with Fig. 2b (Fig. 2c) in Ref. [5]. Mason et al. consid-
ered the sharpening of the incommensurate peaks in the
superconducting state as an effect of magnetic coherence
which is shown here to arise solely from the momentum
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FIG. 4. χ′′(q, ω) in the normal (solid line) and super-
conducting state (dashed line) for (a) ω = 7 meV and (b)
ω = 10.0 meV, along the momentum space path shown in the
inset of (b).
dependence of the spin-gap.
Due to the symmetry of the Fermi surface, χ′′SC ex-
hibits four different threshold frequencies for momenta
away from Qi. While the two upper thresholds re-
main close, the energy separation between the two lower
threshold increases rapidly with distance from Qi [11].
We thus predict that χ′′SC will acquire additional fre-
quency structure for q 6= Qi.
The INS data also provide insight into the form of the
FS in LSCO and thus complement the results of angle-
resolved photoemission (ARPES) experiments. Since ex-
citation (1) is located in the vicinity of the nodes where
the superconducting gap changes rapidly with momen-
tum, ω
(1)
c sensitively depends on the form of the FS and
the symmetry of the order parameter. The frequency
location of ω
(1)
c can therefore be used to extract informa-
tion on the form of the Fermi surface, and, within the
framework of Eq.(5), on the value of t′/t. In particular,
we find that the INS data provide a lower bound for t′/t.
Within our scenario, excitation (1) across the FS (see in-
set of Fig. 1) becomes impossible in the superconducting
state for |t′| < 0.2t. Since this implies χ′′(Qi) = 0 for fre-
quencies below ω
(2)
c , in contradiction to the experimental
results, we conclude |t′| ≥ 0.2t. Assuming a weak doping
dependence of t′/t, this constraint for t′ yields a FS of
LSCO which is closed around (π, π) up to optimal dop-
ing. The FS thus possesses the same topology as that in
YBCO; this explains the occurrence of incommensurate
peaks in the spin spectrum along the same direction in
momentum space in the latter materials [6–8].
Though the details of the magnetic coherence effect
are sensitive to material specific parameters, e.g., Fermi
surface topology, the extent of the incommensuration δ,
their experimental observation only depends on two cri-
teria: the existence of an incommensurate spin structure
and the d-wave symmetry of the superconducting gap.
We thus predict a similar effect for all cuprate supercon-
ductors in which these criteria are met, and are currently
studying its form in YBCO [11].
Finally, the theoretical scenario for the magnetic coher-
ence effect presented here is conceptually different from
that recently proposed for the resonance peak [16]. Not
only do the effects take place in different wave-vector
and energy regions of χ′′ [8], but the origin of the reso-
nance peak is ascribed to a dispersing spin mode, while
our scenario for the coherence effect is solely based on
the existence of a relaxational spin mode.
In summary, we find that the frequency and momen-
tum dependent changes of χ′′ in the superconducting
state are a direct consequence of changes in the quasi-
particle spectrum due to the appearance of a d-wave
gap. We show that the available INS data constrain the
Fermi surface topology, and suggest a Fermi surface in
La2−xSrxCuO4 which is closed around (π, π) up to op-
timal doping. We make several predictions for the fre-
quency dependence of χ′′(ω) at and around Qi which
await further experimental testing. Finally, we predict
the presence of comparable changes in χ′′ in all cuprate
superconductors with an incommensurate spin-structure.
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